An algebraic interpretation of the one-variable quantum q-Krawtchouk polynomials is provided in the framework of the Schwinger realization of U q (sl 2 ) involving two independent q-oscillators. The polynomials are shown to arise as matrix elements of unitary "q-rotation" operators expressed as q-exponentials in the U q (sl 2 ) generators. The properties of the polynomials (orthogonality relation, generating function, structure relations, recurrence relation, difference equation) are derived by exploiting the algebraic setting. The results are extended to another family of polynomials, the affine q-Krawtchouk polynomials, through a duality relation.
Introduction
This is the first of a series of two papers concerned with the algebraic interpretation and characterization of two families of multivariate q-orthogonal polynomials of Krawtchouk type: the quantum and affine multivariate q-Krawtchouk polynomials. These two families of orthogonal functions are q-analogs of the multivariate Krawtchouk polynomials introduced by Tratnik in [21] . The multivariate quantum q-Krawtchouk polynomials have already appeared in the literature [7, 13] . It will be shown that these families of polynomials arise as matrix elements of unitary "q-rotation" operators expressed as q-exponentials in U q (sl n ) generators realized in terms of n independent q-oscillators. This algebraic interpretation will provide a cogent framework to derive the properties of these orthogonal functions [8, 9, 10, 11] . Our approach can be seen as a q-extension of [10] , where multivariate Krawtchouk polynomials were shown to arise as matrix elements of unitary representations of the rotation group on oscillator states.
For the present paper, the focus will be placed on the one-variable case. The univariate quantum q-Krawtchouk polynomials will be shown to arise as matrix elements of unitary q-rotation operators written as products of q-exponentials in U q (sl 2 ) generators realized with two independent q-oscillators (Schwinger realization). By conjugation, these operators effect non-linear automorphisms of the quantum algebra U q (sl 2 ). While this connection between U q (sl 2 ) and q-analogs of the Krawtchouk polynomials is mentioned in [24] , the detailed characterization needed for an extension to an arbitrary number of variables is carried out here in full. Using the algebraic interpretation, the main properties of the quantum q-Krawtchouk polynomials such as the orthogonality relation, the generating function, the structure relations, the difference equation, and the recurrence relation will be derived. Our approach will be seen to entail similar results for the univariate affine q-Krawtchouk polynomials through a duality relation.
Let us note that a number of other algebraic interpretations of the various q-generalizations of the Krawtchouk polynomials have been investigated in connection with quantum groups (e.g. [1, 16, 17, 19] ) or combinatorics (e.g. [4, 20] ).
The paper is organized as follows. In Section I, some elements of q-analysis are reviewed, the Schwinger realization of U q (sl 2 ) is revisited and the unitary q-rotation operators are constructed. In section II, the matrix elements of the q-rotation operators are calculated directly and expressed in terms of the quantum q-Krawtchouk polynomials. In section III, the structure relations for the polynomials are derived. In section IV, two types of generating functions are obtained. In section VI, the recurrence relation and the difference equation are recovered. In section VII, the duality relation between the quantum q-Krawtchouk and the affine q-Krawtchouk is examined. A conclusion follows.
The Schwinger model for U q (sl ) and q-rotations
In this section, the necessary elements of q-analysis are presented, the Schwinger realization of U q (sl 2 ) is reviewed, and the unitary q-rotation operators are constructed.
Elements of q-analysis
We adopt the notation of Gasper and Rahman [6] . The basic hypergeometric series is defined by
with n 2 = n(n − 1)/2 and where (a; q) n stands for the q-shifted factorial
The q-shifted factorials satisfy a number of identities (see Appendix I of [6] ); for example, a direct expansion shows that
where n and k are integers. The q-binomial coefficients are defined by
It is seen that in the limit q ↑ 1, the coefficients (3) tend to the ordinary binomial coefficients. The q-exponential functions will play an important role in what follows. The little q-exponential, denoted by e q (z), is defined as
and the big q-exponential, denoted E q (z), is given by
It follows that e q (z)E q (−z) = 1. The q-extensions of the Baker-Campbell-Hausdorff formula [5, 14] shall be needed. The first relation reads
where
The second relation is of the form
One has also the identities
, and
for X Y = qY X .
The Schwinger model for
Consider two mutually commuting sets {A ± , A 0 } and {B ± , B 0 } of q-oscillator algebra generators that satisfy the commutation relations
and [A · , B · ] = 0. The algebra (9) has a standard representation on the orthonormal states
defined by the following actions of the generators on the factors of the tensor product states:
with X = A or B. It is seen that when q ↑ 1, the representation (11) goes to the standard oscillator representation [3] . Moreover, one has X † ± = X ∓ in this representation. The Schwinger realization of the quantum algebra U q (sl 2 ) is obtained by taking [2] 
It can be verified, using the commutation relations (9) , that the generators (12) satisfy the defining relations of U q (sl 2 ) which read
Upon taking k = q 2J 0 , J + = e and J − = f , the Chevalley presentation is obtained [23] :
The representation of the oscillator algebra (11) on the states (10) can be used to construct a representation of U q (sl 2 ). Let N be a non-negative integer and consider the (N + 1)-dimensional vector space spanned by the states
The states (13) are orthonormal, i.e.
It follows from (11) that the action of the U q (sl 2 ) generators (12) on the basis vectors (13) is given by
It is seen that the actions (14) correspond to the finite-dimensional irreducible representations of U q (sl 2 ) [23] . Hence the direct product states (13) of two independent q-oscillators with fixed sums of the quantum numbers n A , n B support the irreducible representations of the quantum algebra U q (sl 2 ). In the realization (12), the Casimir operator Q of U q (sl 2 ) has the expression
where N = (A 0 + B 0 + 1)/2. One the representation space (13), the operator N can be replaced by its eigenvalue (N + 1)/2.
Unitary q-rotation operators and matrix elements
Let us now construct, as in [24] , the unitary q-rotation operators. In analogy with Lie theory, we seek to construct these operators as q-exponentials in the generators. Upon using the conjugation formula (7) and the commutation relations (9), a straightforward calculation shows that
and
where the formal substitution n X n = 1 1−X was made. Combining the above identities, one finds
and hence one has
Since
it follows from the identities (8) that
Inverting the relation (15), one finds a similar relation involving big q-exponentials
Consider the unitary operator
The relation U † U = 1 follows from (15) and the relation UU † = 1 follows from (16) . Acting by conjugation on the generators (12) in the Schwinger realization, the operator (17) generates automorphisms of U q (sl 2 ) (see [24] for details). In light of the 2 : 1 homomorphism between SU(2) and SO(3), the unitary operator (17) will be referred to as a "q-rotation"' as it is a q-extension of a SU(2) element obtained via the exponential map from the algebra to the group. Indeed, upon using the relations
as well as the standard Baker-Campbell-Hausdorff relation [12] , the limit as q ↑ 1 of the unitary operator (17) is seen to be
where A ± and B ± satisfy the standard oscillator commutation relations [3] . Since the operators
one finds that upon taking θ = sin τ, the operator (18) has the expression
From the disentangling formulas for SU(2) [22] , one finally obtains
which corresponds to a SU(2) group element. In the following we will focus on the matrix elements of the unitary operator U(θ) given in (17) in the basis (13) of irreducible representations of U q (sl 2 ); these matrix elements will be denoted by
where n, x ∈ {0, 1, . . ., N}.
Matrix elements and self-duality
In this section, the matrix elements (19) of the q-rotation operators (17) are obtained by a direct calculation and are shown to involve the quantum q-Krawtchouk polynomials. The weight function and the orthogonality relation satisfied by these polynomials are derived from the properties of U(θ). A self-duality relation for the matrix elements is also obtained and the q ↑ 1 limit is examined.
Matrix elements and quantum q-Krawtchouk polynomials
To obtain the explicit expression of the matrix elements (19) one can proceed directly by expanding the q-exponentials in (17) according to (4) , (5) and use the actions (11) of the generators on the basis vectors (13) . To perform this calculation, it is useful to note that
Upon expanding the operator (17) according to (4) and (5), using the actions (20) , reversing the order of the first summation and exchanging the summation order, one finds
Upon using the identity (2) for the q-shifted factorials, the formulas (4), (5) and (3) for the qexponentials and the q-binomial coefficients as well as the definition (1) for the basic hypergeometric series, one finds from the above the following expression for the matrix elements:
The quantum q-Krawtchouk K Qtm n (q −x ; p, N; q) of degree n in the variable q −x are defined by [15] 
Comparing the definition (22) with the formula (21), it follows that the matrix elements (19) of the unitary q-rotation operator (17) can be written as
This result can be compared with those of [18] . The matrix elements can be cast in the form
where w
x is a q-analog of the binomial distribution
and where K 
The orthonormality of the basis states (13) and the unitarity of the operator (17) directly lead to a pair of orthogonality relations for the quantum q-Krawtchouk polynomials. In fact, one has
where z * stands for complex conjugation. Since the matrix elements are real, it follows from the above that the quantum q-Krawtchouk polynomials (26) satisfy the orthogonality relation
with respect to the weight function (25) and the dual orthogonality relation
Duality
The matrix elements (19) have a self-duality property which can be obtained as follows. Using the reality of the matrix elements (19) and the unitary of the q-rotation operator (17), one can write
where the direct product notation (10) was used for the last equality. It is easily seen from (17) that the inverse operator U −1 is obtained from U by permuting the algebra generators {A ± , A 0 } with {B ± , B 0 }. In view of the definition (13) for the states |n〉 N , this observation leads to the duality relation
The relation (29) allows to exchange the roles of the variable x and the degree n.
The q ↑ 1 limit
The q ↑ 1 limit can be taken in a straightforward fashion in the matrix elements (21) using the formula (1) for the basic hypergeometric series. With θ = sin τ, one finds
where K n (x; p; N) are the standard Krawtchouk polynomials [15] .
Structure relations
In this section, it is shown how the algebraic setting can be used to derive structure relations for the quantum q-Krawtchouk polynomials.
Raising relation
Consider the matrix element N−1 〈n| A − U |x〉 N . The action (11) gives
Using the unitarity of U, one has also
To obtain a raising relation, one needs to calculate U † A − U. Making use of (15), one has
With the help of formula (6), one easily finds
and thus
The conjugation formula (7) gives
and consequently
Formally, one has
and thus one finally obtains
Upon inserting the result (32) in (31) and using the actions (11), one finds
n,x .
Combining the above relation with (30), one obtains the raising relation
Using the expression (24) and the formula (25) for the weight function, the relation (33) gives for the quantum q-Krawtchouk polynomials
The raising relation (34) can be used to generate polynomials recursively and coincides with the one given in [15] .
Lowering relation
Consider the matrix element N 〈n| A + U |x〉 N−1 . The action (11) gives
Taking the conjugate of (32), one has
which upon using (11) yields
Comparing (36) with (35), one obtains the lowering relation
For the quantum q-Krawtchouk polynomials, the relation (37) translates into
It is verified that (38) corresponds to the one found in [15] .
Dual raising and lowering relations
The self-duality property (29) can be exploited to derive new relations from the raising and lowering relations (33) and (37) satisfied by the matrix elements. From (29), one finds that
n,x , which translate into other type of identities for the quantum q-Krawtchouk polynomials. Equivalently, one can consider matrix elements of the form N 〈n| U B ± |x〉 N and use the conjugation identities
Generating function
In this section, two generating functions for the quantum q-Krawtchouk are derived. The first one generates the polynomials with respect to the degrees and the other with respect to the variables.
Generating function with respect to the degrees
Consider the matrix element N 〈0| V (t)U(θ) |x〉 N where V (t) is the operator
Upon expanding the big q-exponentials according to (5) , using the action (20a) and the definition (24) of the matrix elements of U(θ), it is directly checked that
n,x t n .
With the identity
and the explicit expression (23) for the matrix elements χ
n,x , one can write
which has the form of a generating function for the quantum q-Krawtchouk polynomials. Let us compute the matrix element N 〈0| V (t)U(θ) |x〉 N in a different way. It follows from (16) that
With γ = t(1 − q) and δ = −θ(1 − q), the above identity gives
which leads to the expression
Upon using the identity e q (λq n ) = e q (λ) (λ; q) n , and the orthonormality of the states, one easily obtains
Comparing (40) with (42), using (1) and taking z = θ t, one finds the following generating function for the quantum q-Krawtchouk polynomials
Using the identity
defining v = −q N z and taking p = 1 θ 2 q N , the relation (43) takes the form
The RHS of (45) corresponds to one of the generating functions given in [15] . In the latter reference however, the LHS is given in terms of a 2 φ 1 basic hypergeometric series. The results of [15] can be recovered as follows. Consider the identity ([6] Appendix III):
With b → λb and z → z/λ, taking the limit as λ → ∞ gives the transformation formula
Upon using the above identity and the relation (aq −n ;q) n (aq −n ;q) k = (aq k−n ; q) n−k , the generating relation (45) becomes
which coincides with the generating function given in [15] .
Generating function with respect to the variables
To obtain a generating function where the sum is performed on the variables, one can consider the matrix element N 〈n| U(θ)W(t) |0〉 x where
On the one hand, expanding the q-exponentials and using (23) yields
which has the form of a generating function. On the other hand, the identity (41) gives
With the identity (2), one directly finds from the above
Upon comparing (47) with (46) and taking z = −θt, one obtains the generating relation
Using (44), defining w = −q N z and taking p = 1 θ 2 q N , one writes (48) as
6 Recurrence relation and difference equation
In this section, the recurrence relation and the difference equation satisfied by the matrix elements χ
n,x of the unitary q-rotation operators U(θ) are obtained and the corresponding relations for the quantum q-Krawtchouk polynomials are recovered.
Recurrence relation
To obtain a recurrence relation for the matrix elements χ (N) n,x , one may consider the matrix element N 〈n| U B + B − |x〉 N . On the one hand, one has
On the other hand, the conjugation identities (39) give
Comparing (51) and (50), one finds that the matrix elements satisfy the recurrence relation
Using the expression (23), one finds that the recurrence relation for the quantum q-Krawtchouk polynomials is of the form
It can be checked that the recurrence relation (53) coincides with the one given in [15] .
Difference equation
To obtain the difference equation satisfied by the matrix elements χ (N)
n,x and consequently by the quantum q-Krawtchouk polynomials, one could consider the matrix element N 〈n| A + A − U |x〉 N and use the conjugation identities (6) and (7) which can be seen to coincide with the one given in [15] .
Duality relation with affine q-Krawtchouk polynomials
In the preceding sections, the properties of the matrix elements χ (N) n,x of the unitary q-operator (17) have been derived algebraically. Through the explicit expression (23) of the matrix elements in terms of the quantum q-Krawtchouk polynomials, the properties of these polynomials have been obtained. It is possible to express the matrix elements χ (N) n,x in terms of another family of orthogonal functions, the affine q-Krawtchouk polynomials. These polynomials are defined as [15] 
By inspection of the hypergeometric formula (21) for the matrix elements, it is easily seen comparing with (56) that they can be written as 
